JEE Main 2021 August 27 Shift 2 Mathematics

1. The value of f01 cot™? (gi%) x is
(A) 0

(B)5

©

(D)3

Ans. (C)

Sol. GivenI = [ cot™? (‘/”Si“ x+y/1-sin x)

V1+sin x—/1-sin x

L X x\? . 2 X 2 X .oXx x .
We know that ( sin E+COSE = sin 5+cos 5+ 2sin 5cos;=1+smx

2
And (sm ~—cos E) = smzz + coszg — 2sin Zcos > =1—sin x

1 |sin %+ cos %| + |sin %— cos %|
I =f cot™! dx
0

|sin = + cos x| |sin X cos x|
2 2 2 2

2sin -

I= fol cot™? (cot ;) dx

1= fol gdx

I_x21_1
140 4

1 2cosZ
szo cot™! ( _ ,%)dx
2

2.1f sin* x + cos* x — sin xcos x = 0 & x € [0, ]. Then the value of 8;5 is (where S is the sum of the solutions of the

given equation)
Ans. 2

Sol. Given



sin* x + cos* x — sin xcos x = 0

We know that (sin? x+cos? x)? = sin* x + cos* x + 2sin?® xcos? x
= 1 — 2sin? xcos? x — sin xcos x = 0

= 2sin? xcos? x + sin xcos x —1 =0

= 2sin? xcos? x + 2sin xcos x — sin xcos x — 1 =0

= (2sinxcosx —1)(sinxcosx +1) =0
= sin xcos x = —1,% , (sin xcos x = —1 rejected )

= 2sin xcos x =1

=>sin2x=1

2 T
=2x ==
2
s
>x=-
4
T
S=-
4
8S _ 8m _
T 4w

3.1f lim (Vx2 — x + 1 — ax) = b, then the value of 2(a + b) is:

(A) -1
(B) —3
€)1
(D)3
Ans. (C)

Sol. llm(\/xz—x+1—ax)—b

X—00

On rationalizing the given expression by multiplying denominator and numerator with vx2 —x + 1 + ax

Vx2—x+1+ax
2 —_ =
= ng_@(\/x x+1 ax) X —— N b

. (x%—x+1)—(ax)?
= lim Y——————=
x>0 Vx2-x+1+ax

= Limitexistonly If a? =1

~a=1-1



= lim—21 _—p
x—o0 VxZ—x+1+ax

Dividing both numerator and denominator by x

_14t

= lim —==%—=b»
X2® 124+ 5+a
X X

>—L=b
1+a
Buta # —1
So,a=1
b=—
2
Then2(a+b) =1

4. If the image of a point P(—1,2,3) inthe planex + y —z—3 = 0is Q and S is a point lying on this plane whose co-
ordinates are (3,2, ). Then the square of the length of line segment QS is :

(A)9

(B) 16

(C)17

(D) V18

Ans. (C)

Sol.

Given that Q is the image of a point P(—1,2,3) inplanex +y —z—3 = 0.

Applying formula to find image

x+1 _y-2 _z-3 _ —2(-1+2-3-3)
1 1 -1 1+1+1
x+1 -2 z- 10
> — = y—e _z273 = —
1 1 -1 3
7 16 _ -1
Sx=L,y=S,2=

“0=(43)

As S (3,2, B) lies on plane, it will satisfy the equation of plane
~342-B-3=0

g =2

=S5=(322)



_(7 16 —1

= 5'?'?) &S = (322)

Using distance formula
o= (-3 + (2= ¢ (22
as= () + (- + ()

QS =17

So, (QS)? =17

5. Given a curve P: (y — 2)? = x — 1. If a tangent is drawn to the curve P at the point whose ordinate is 3 then the area
between the tangent, curve and x-axis is:

(A) 5

(B)

©)9

(D) 11

Ans. (C)

Sol. Given
P:(y—2?%¢=x—-1.
point whose ordinate is 3
=>y=3

x =2

So, point is (2,3)
Curveis(y—2)2=x-1
Differentiate given equation w.r.t. x, we get

20-2)y' =1

r_ 1
T 2(y-2)

y

! -1
y |(2,3) =3



So, equation of tangent is
1
y=3=3(x-2)

x—2y+4=0

(2,3)

7

(-4, 0) (5,0)

Area= [’ [(y=2)2 +1 - 2y — Dldy

Area= [°

o P —4y+4+1-2y+4]dy

Area = f03 (y2 — 6y +9)dy

g 3
Ama=(%~—&ﬂ+9y%::9—27+27::9sunt

6. Perpendicular tangents are drawn from an external point P to the parabola y? = 16(x — 3). Then the locus of point P
is:

(A)x=-1

1

(B)XZE

(C) x =1

(D) x =2

Ans. (A)

Sol.

Given y? = 16(x — 3)

We know that if perpendicular tangents are drawn from an external point P to the parabola, then point lies on the directrix
of parabola.



Locus is directrix of parabola.

Y2 =16X

Where X =x —3,Y = y.
4A=16=>A=4

Equation of directrix is

X+A=0
x—34+4=0=>x+1=0
>x=-1

7.(pAq) = ((rAq)Ap)isa

(A) Tautology

(B) Contradiction

(C) Neither Contradiction nor Tautology
(D) None of these

Ans. (C)

Sol. We need to check (p Aq) = ((r Aq) Ap)

Let us draw truth table

p q r pAQ raAq (rag)Ap [-11
(1) (1)
T T T T T T T
T T F T F F F
T F T F F F T
T F F F F F T
F T T F T F T
F T F F F F T
F F T F F F T
F F F F F F T

As seen in column I — II Its Neither Contradiction nor Tautology.

8. In the given figure, If ZACB = 6 and tanf = % then the relation between x,a and b is :




(A)x? +2ax—ab+b%>=0
(B)x%+2ax+ab+b*>=0
(C)x? —2ax+ab +b?=0
(D) x? —2ax+ab+a?=0
Ans. (C)

From Diagram

In A ACE
BD X

tan (6 +a)=22=2 (v BD = AE)

In A BCD

tan a = BD =

DE+EC  a+b
. 1
Given tanf = >

tan (9 + a) _ tanf +tana

1-tanftana

1, x
_+_

2 a+th _ X
= 2422 il

T =
2 a+b

a+b+2x _ x

2(a+b)—x_b
= ab + b? + 2bx = 2ax + 2bx — x?
=>x?—2ax+ab+b*=0

9. Let there be two circles of same radius 5cm touching each other at point P(1,2) and the common tangent of both the
circlesat P is 4 x + 3y = 10. If centres of two circles are C; (a, ) and C,(y, &), then the value of |(a + B)(y + §)| is



(A) 20

(B) 40

(C) 25

(D) 35

Ans. (B)

Sol.

Let the point circleat Pbe S : (x — 1)?2 + (y — 2)? = 0.

The common tangent of both the circlesat PisL : 4 x + 3y = 10.
Equation of family of circlesis S + AL = 0

(x—12+ @y —-22+21(4x+3y—10)=0

x2+y?+(41—-2)x+(B1—4)y+5-101=0

r=J(ZA—1)2+(§/1—2)2—(5—1OA)=5

=>r2=4/12+1—4/1+§/12+4—6,1—5+10,1=25

=222 =25
4

=>12=4

>A=42

forA=2
x2+y?2+6x+2y—15=0;C,(-3,-1)
forA=-2

x2 +y%2 —10x — 10y + 25 = 0; C,(5,5)
C,(a,B) = C,(=3,—1) and C,(¥,8) = C,(5,5)
[(a+B)(y + )| = [(=4)(10)| = 40

10. 1If (3x%2 + 4x +3)%2 — (K + 1)(3x?% + 4x + 2)(3x% + 4x + 3) + K(3x? + 4x + 2)? = 0 has real roots, then the set
of all the values of K is

@ (1 3]

®(51)



© 1)

©) (-1.3]

Ans. (A)

Given

(Bx?2+4x+3)2 - (K+1)Bx?+4x+2)(3x?> +4x+3) + K(3x%2 +4x+2)2 =0
Lett = (3x%+4x + 2)

SE+D2-K+DO(E+1D)+K(@)?*=0
St2+2t+1—-(K+ D)2 +t) +Kt?2 =0

S>t2+2t+1—-Kt? —Kt—t?—t+Kt?2=0

>t—-Kt+1=0

>t(1-K) =-1

2 —gn =
=>3x“+4x + 2 K—1_0

For real roots, D = 0

=0

:>16—4><3><(2—L)

K-1

K-1

(2K-5) _
(K-1)

ce(1

11. Find the remainder when 3 x 722 + 2 x 10?2 — 44 is divided by 18.
(A)3

(B) 12

(C) 15

(D) 16



Ans. (C)

Sol. Given

3% 77242 x10%2 — 44

When divided by 18

Writing 722 as (6 + 1)22 and 1022 as (9 + 1)22 and using binomial expansion
3X(6+1)*2+2%x(9+1)%2—44

= 3[22Cy6224+22C, 621 + -+ +22Cyy] + 2[ 22C9%2+22C1 971 + -+ +22Cy,] — 44
= 3[22Cy6%2 + -+ +22C,161]4+3(%2Cyy) + 2[ 22C9%2 + - +22C,, 91| +2(2Cy,) — 44
=181+3+18u+2—44

=186 — 39

=186 —39—-15+15

=188 + 15

g 1 Vxdx
12. Find the value of fO m

B

(A)%_ 16

T \37m
B s+ Ts

m +37m
O

(D)0
Ans. (C)

Sol. Given

1 Vxdx
fo (x+1D@Bx+1)(x+3)

Let'x =t

_ 1 2t2dt
T Jo (t2+1)(3t2+1)(£2+3)

(B 1)~ (t2+1))dt
)y @2+ 1DEt2+ D(t2 +3)

1 1 1
- fO ((t2+3)(t2+1) - (t2+3)(3t2+1)) dt



fl( dt  dt 1 3dt dt )
0 \2(t2+1) 2(t2+3) 83t2+1  8(t2+3)

fl( dt 1 3dt 3 dt )
0 \2(t2+1) 8(3t2+1) 8(t2+3)

1
= (Ltan=! t = *Bian-! V3t — > tan! L)
= (2 tan~' ¢t ———tan V3t 55 tan .

V3

1 V3 V3 1
= Etam‘1 1— ?tan'1 V3 — ?tan‘1 ﬁ
_r_¥3, m_B8.m

8 8 3 8 6

_m_\3m

T8 16
13.When0 <x <1,y = %xz +§x3 +%x4 ------ Then what is the value of e at x :%
Ans. 2
Sol.

1 2 3

ST _owmne.

y 2x +3x +4x

x? x%  x3  x*
—E+x—(x+7+?+7+ """ )
x
—§+£’n(1—x)
1 2 1
Putx =-=y= 1il+1?n(1—5)=1—ln 2
2

Then, el™Y = el=1+n2 — oén2 — )

14.1f arg(z; — z,) = %and both z; & z, satisfy |z — 3| = Re (z). Then sum of imaginary part of (z; + z,) is
Ans. 6

Letz, = xq +1iyy,2, = x5 + iy;

7y — 23 = (X —x2) +i(y1 — ¥2)

varg (z; — zp) = g



As z; & z, satisfy |z — 3| = Re (2)

|zy — 3| = Re(z;)

= (x; —3)2+yE=x2....(2)

|z, — 3] = Re (z;)

= (x, =32 +y2=x2....(3)

Applying Equation (2) — (3)

= (=3 - (=3 + O —yD) =xf —x}

= (0 —x2) (g + x5 = 6) + (Y1 —¥2) (1 +¥2) = (21 + x2) (%1 — x2)
From equation (1)

= (1 = x2) (g + x5 = 6) + (1 — x2) (V1 + ¥2) = (%1 + x2) (1 — x32)
S5xt+x,-6+y;ty, =x+x;

>y1+y,=6

A N A

15. The equation of the plane which passes through the intersection of the planes 7 - (2i + 6j + k) = 4and #- (2i +

A A

3j + 6k) = 2 and parallel to the y — axis is:
(A)x+9z=0

(B)x+11z=0

C)2x+11z=0

(D)4x +11z=0

Ans. (C)

A A A A A A

Sol. Given, 7-(2i + 6j + k) =4and 7 (2i +3j + 6k) =2
Equation of plane in Cartesian form 2x + 6y + z = 4,2x + 3y + 6z = 2
Equation of the plane passing through intersection of two planes can be find using family of planes

P1+kP2:0



2x+6y+z—4+k(2x+3y+6z—2)=0

> Q24+2)x+(6+3k)y+ (1 +6k)z=4+2k

This plane is parallel to y — axis.

Direction ratios of y — axis is (0,1,0) and Direction ratios of normal vector to the plane is
(2+2k),(6+3k),(1+6k)

=2024+2k)+1(6+3k)+0(1+6k)=0

=3k =-6

>k=-2

= —2x—11z=0

=>2x+11z=0



