JEE Main 2021 August 31, Shift 2 (Mathematics)

1. Find the number of 4 digit numbers which are neither divisible by 7 nor 3.
Ans. 5143

Sol. Total 4 digit number=9 x 10 x 10 x 10 = 9000
4 digit numbers divisible by 7(n-)
1001,1008, ... ... ........9996

Applying formula of nt* term of an AP.
T,=a+n-1)d

9996 = 1001 + (n, — 1)7

n, = 1286

4 digit number divisible by 3(ns)

1002,1005, ... ....,9999

9999 = 1002 + (n3 — 1)3

Applying formula of nt" term of an AP.
T,=a+n-1)d

nz = 3000

4 digit numbers divisible by 21(n,,)
1008,1031, ... ... ... ,9996

Applying formula of nt" term of an AP.
T,=a+n-1d

9996 = 1008 + (ny; —1)21

n,; = 429

s0, 4 digit numbers neither divisible by 7 nor 3
= 9000 — 1286 — 3000 + 429

= 5143



3 45—
2. 1f lim (cosx)®°t* = Aand lim 22X 2"0% _ p Given that A & B are the roots of equation ax? + bx — 4 = 0. Then
x—=0 x->1/4 cos(x+z)
the value of a and b respectively are
(A) 1,3
B)1, —4
© 1, -3
(D) -1, 3
Ans. (A)

Sol. Given

, , tan® x—tan x
lim(cos x)°°* = Aand lim ———— =B
x-0 x-m/4 cos(x+z)

Now,
A = lim(cosx)ot*
x—0

1
= lim(cosx)tanx
x—0

T x=1
= ex—0 tanx

Applying limits using L’hospital rule

—sin x
im—
= @x—0secx

. tan® x—tan x
B = lim —————
xX-T/4 cos(x+z)

Applying limits using L’hospital rule, we get

(3tan?x — 1) sec® x

=2 lim

xom/4 —sin (x+%)
_2x2
=—F=

Given that equation whose roots are A and B is
Sum of the roots, A + B = —3,

Product of roots, AB = —4



Equation obtained is

x2 4+ 3x — 4 = 0 and given equation is ax? + bx — 4 = 0.

On comparing

~a=1b=3

3. Number of the solutions of the equation 32tan° ¥ 4 325e¢*x =81 0 < x < % is
Ans. 1

Sol. Given 32tan*x 4 3psec*x — g1

gptan’x | 3ol+tan® x — g1

Taking 32%3%° ¥ common

33 x 320n°x = g1

81

33

gptan®x —

Taking log both sides with base 32

2 X 27 Y
tan x—log32(ﬁ)a50 Sxs

tanx = /log32 (%) € (0,1)

one solution in x € [O, %]

4. Given the matrix [g Z] , where a,b,d € {—1,0,1}. If (I — A)3 = I — A3. Then the number of possible such matrix A
are.

Ans. 8

Sol. Given [{ Z] ,where a, b, d € {—1,0,1)

(I-4A3=1-43

Applying formula of (a — b)3 in LHS
[-A®-34A+34*=]-43
=3A-3A=0
=23AA-1)=0

=>A2=A



6 als =15 d
[az ab + bd| _ [a b]
0 d? 0 d

On comparing both the matrices

=2a’=a=a=0,11

d?=d=d=0,1

b(a+d)=b

>b=0o0ra+d=1

Casel:b=0= (a,d) = (0,1)(0,0),(1,1),(1,0) - 4 ways

Casell:a+d=1= (1,0)(0,1) and b = +1 - 4 ways

Total = 8 ways
. v 100 .
5. Given L1392 ¥ %0 _ 2 then find the value of 2L =
ai+azt--.+ap P aqo
19
(A) 57
20
(B) 3
20
© 5
21
(D) 5
Ans. (D)
Sol. Given &ttt 100
' ay+az+--..+ap P2

As ratio of sum of 10 terms and sum of p terms is given

S _ 100
Sp P2
SlO'Pz .

a1 _ S11=S10
aio S10—S9

Using formula from (i)

121
_S10°7gg ~ S10

S, 81
S10 =100




21
19

y-3

6. Given that the line =2 = ¥=2 = Z%jg completely lies in the plane x + 3y — 2z + 8 = 0, then find the value of (a« + £)
a 5 2

(A)2
(B) 4
(C)8
(D) 16
Ans. (C)

Sol. Given that xa;z = y;s = Z;—O lies completely in plane.

Line passes through (2,3,0) and having direction ratios as (a, —5,2)

The point (2,3,0) lies in the plane x + 3y — 2z + 8 = 0.

>2+9+p=0

=>p=-11

*» line lies in the plane so it is perpendicular to the normal of the plane.

Direction ratios of normal of the plane are (1,3, —2) and of line are (a, —5,2) .

Applying condition of perpendicularity i.e. sum of product of corresponding direction ratios is 0.

> a(1)—5@3)+2(-2)=0

>a=19

S0, a+p3 =8

Question 7: If S = g+ 5% + ;—2 + g ...... o0, then the value of S is equal to
() 5;

(B)%

(€%

(D)

Ans (B)

Sol. Given

S=l+gtotnt . ® 1)

Its an A.G.P. with common ratio of G.P. is%



S _ 7 ,9 13 19
E:5_2+5_3+;+;+"'00 ................ (2)

equation (1) — (2)

(B-D=k=2+2+2+2+.0..03)

Its again an A.G.P. with common ratio of G.P. is%

2 4 6 8

k
5 55 56

equation (4) — (3)

4k 2 2 2 2
S=st St St
5 52 53 54 55

Its an infinite G.P. with common ratio of G.P. is é

8. Given that a tangent to the parabola y? = 8x at (2, —4) also touches the circle x* + y? = a, then the value of a is
Ans. 2

Sol. Equation of tangent to parabola y? = 8x at (2,—4) is

T=0

—4y = 4(x + 2)

> iex+y+2=0

This line is also tangent to the circle x2 + y? = a

Centre O = (0,0) and radius r = v/a.



x+y+2=0

As we know that for a line to be tangent to a circle, perpendicular from centre of the circle is equal to radius of the
circle.

0A =+a

0+0+2
= =+a
=5 =

=42 =

=

>a=2

9. If the mean & variance of the 7 observations is 8 & 12 respectively. Given that two of the observations are 8 and 6.
Find the variance of the 5 remaining observations.

792
(A) 5=

396
(B) 7

396
©) 5z

132
()

Ans. (C)

Sol. Given that mean & variance of the 7 observations is 8 & 12 respectively also two of the observations are 8 and 6.
Leta,b,c,d, e be 5 unknown observations.

n = 7,"Mean"(u) = 8, Variance (¢2) = 12

- sum of observations =nu =7 X 8 =56

56—-8—-6

= Mean of 5 remaining observations = -

. sx?
Variance (02) = =L —

2
12 =225 _ 64
7



= Zx? = 532
>a?+b?+c?+d*+e?+64+36=532

=>a?+b%+c?+d?*+e?=432

2

~ Variance of remaining 5 observations = Z% — u?
432 (42)2 39
~ 5 \5/) 25

. . a1 3x%4x-1
10. Given that the function f(x) = sin ( 12

™ (0)
koo
o

®3)

Ans. (C)

Sol. Given f(x) = sin~? (3x2+x-1) + cos-1 C;l)

(x—1)2 +1
We know that sin~1x & cos~1x are defined when —1 < x < 1.

3x%+x-1

D)2 ) to be defined-

Now for sin™1 (

1<3x2+x—1<1
T (x—-1D% ~

Denominator is positive so cross multiply can be done.
—(x—1)2<3x?+x-1<(x—1)>2
—(x—1)?<3x?+x—1and 3x>+x—1< (x —1)?
4x>—x >0 and 2x2+3x—2<0

x(4x—1)=0and (x+2)(2x—-1)<0

From (i) N (ii)

) + cos™1 (i—:) then what is the domain of f(x) :



,%]....(iii)

And for cos™?! (;C—;l) to be defined-

1< <

x+
—1Sx;1<Oandx—_1S1

x+1 x+1

< 0and —-1<0
x+1

X
x+1

>0and —=<0

X € (—0,—1) U[0,)...(iv) andx € (—1,)...(v)
From (iv) N (v)
~x € [0,00) ... (vi)
From (iii) and (vi),

(iit) N (vi)

Domainis x € {0} U Eﬂ
11. Find the negation of the statement (p Vr) = (q V)
(A)pAgAr

(B)pA~qn~r

CpA~qnr

D)~pAgATr
Ans. (B)

Sol. Giventhat (pvr) = (qVvr)
=~((pvr)—>(qVvn)

=({@Vr)A(~ (qVvr)) (Applying De-Morgan’s Law)

= (pVr)A(~qA~T1) (Applying Associative Law)

= ((pVvr)A~r1)A(~ q) (Applying Distributive Law)

= ((pVv~r)V(rA~1))A(~ q) (Applyingp A~ p = f)
=((@A~1)V)A(~q) (Applyingp V f = p)

=@PA~1T)A(~9q)



=pA~qA~T

12. Given that f: N — N for which f(m 4+ n) = f(m) + f(n) Vm,n € N. If f(6) = 18 then find the value
of £(2).£(3).

Ans. 2

Sol. Given f(m +n) = f(m) + f(M) Vmn €N
Puum=n=3
fB+3)=fB)+f(3)

= f(6)=f3)+f(3)

= 2f(3) =18

= f(3)=9

Now, f(3) = f2+1) =f(2) + f(1)
>f@A+fM)=fA+D+fD)
fB)=fA)+f)+ f(1)
9=3f(1)

= f(1) =3
f@Q=fA+D=fD+f(1)=6
£(2).f(3) =6x9 =54

13.1f X [(F—b)xd]+bx[F—& xb]|+éx[(F—d) x& =0andd,band ¢ are unit vector mutually
perpendicular to each other then the value of 7 is:

d-b+é

OE=

-
a-b-¢

2

(B)

d+b-¢

(Spa

d+b+¢é

(D) 22

Ans. (D)

Sol. Given that
AxX[F-b)xd]+bX[(F—&) Xbl+éX[#—a)xé] =0

Applying formula of vector triple product @ X [b x &] = (d - b —(@-b)é



@ F-b)—(@ F-b)a+® DHFEF-) -G - F-Nb+ (@€ - HF-d) - @ F-a)c=0
Asd,b and ¢ are unit vector mutually perpendicular to each other so their dot products
G-b=b-¢=2¢-d=0Also|d|? = |b|? =] = 1.
= |d2#—-Db)— (F-@)d+ |bPGF—-3&) — @ Db+ |E2F—a) — (F-&)E=0

=0

a

>F—b—(F-d)d+7—¢—(F -D)b+7—ad— (-0
>3- (G+b+3O)—(F-A)d+F-b)b+F-HE) =0
[Let# = xd + yb + z€]

> @F-dd+ - -bb+ F-O)é="7
23F—(@+b+&)—7=0

d+b+¢
2

>7F=
14. If line pass through the point (—3, —5) and intersect the ellipse % + y?z = 1 at point A and B. Then find the locus of
mid-point of line joining A and B.

(A) 9x2 + 4y? + 27x + 20y =0

(B) 9x2% + 4y2 + 20x + 27y =0

(C) 4x* 4+ 9y? +27x+ 20y =0

(D) 4x2 4+ 9y? + 20x + 27y =0

Ans. (A)

2 2
Sol. Given the ellipse x: + y? = land line passes through (=3, =5).

Let mid-point of line AB is P(h, k)

So, Equation of chord AB is:

It passes through point (=3, =5)

-3h 5k _ h%  k?

4 9 4 9
= 9h% + 4k%? +27h+ 20k =0

So, locus of P(h, k) is



Replace h » x,k - y

= 9x2 +4y2+27x + 20y =0

15. Value of % [ sin (Z) (x — [x])dx is
(A)4r + 2

(B) 4w — 2

C)4rm + 4

(D) 4 — 4

Ans. D

Sol. Given w2 [¥ sin () (x — [x])dx

2 X
— 2 T o = [x]
I=m fo sm(z)(x [xD™Mdx
Splitting the limit of integral where [x] becomes integer and using the value of [x].
o i 2 1
I =n? [ sin (%)xodx +m? [ sin (%) (x — Dldx
I =mn2 fol sin (%) dx + 12 flz sin (%) (x — Ddx

Applying standard integral formula of [ sinx dx and integration by parts respectively in both integrals

<(x — 1)%(—cos (%)))1 _ f12 %(—cos %) dx

[ =n? (§)+¥[1—O]+¥x%(sin%)j

[ =m? [—%cos (%)](1) + m?

I =2n+2n+4(0—-1)

I =4n —4
2 2
16. If angle between the curves % + z—z =1&x2 +y?% = ab, (a > b) is 6, then find the value of tan 6

(a—b)
A) =,

(a+b)
B) |

(a+b)
©) =
-b)

o) [©



Ans. (A)

Sol. Given

The angle between the curves z—i + i—z =1...(0)) &x%2 +y? = ab....(ii) is 0
Solving equation (i) & (ii)

From (i) b%x? + a?y? = a?b?... (iii)

Substitute from (i) (b2x? + a*(ab — x?)) = a®b?...(iv)

2 _ ba%*(b-a) _ a?b

b2-qa? a-b’
2
)2 = ab
a+b
2 2
Point of intersection is (i /a—b,i /&>
a+b a+b
x2 yZ
o g =1

On differentiating wrt x

2x 2ydy

=% .
a?  b2dx

On differentiating wrt x
dy
=22x+2y-—=0
x y dx

X
=>m2=——

Angle between two curves is same as the angle between tangents at their point of intersection.

“b?x x
tan 6 = |m1—m2 S R
= = 222
1+mym, 1+22;2
_|xy(a?-b?)| _ [xy(a®-b?)
- b2x2+a2y? - a2b2
_ a3b3  (a?-b?)| _ (a—b)|
- (a+b)2  a2b?2 |~ | vab

17. Find the distance of point P(—2,1,2) from the line of intersectionof x + 3y —2z+1=0andx — 2y + z = 0.



34
(D) 2 x \/3:5
Ans. (D)
Sol. Given pointis P(—=2,1,2)

Line of intersectionof x + 3y —2z+1=0andx —2y+z=0

P(-2,1,2)

0 A L

-2 -1
559
Solvingx + 3y —2z+ 1 =0and x — 2y + z = 0 using cross multiplication method

X _ y _ VA
3—-4 —(1+2) -2-3

So, direction ratios are (—1, —3,—5)
Taking a point Q on plane by consideringz = 0

Solving both equationsx +3y +1=0&x -2y =0
PointQ(_?z,_?l,O)

Equation of the intersection line-

2 1
X+E xX+= z—0

:—5:

-1~ -3 -5
As per diagram

AP? = PQ* — QA?



QA = Projection of PQ on line L

04 = -1(-2+2)-3(1+3)-5(2-0) _ 2210
Vi+9+25 35
QA==

V35

(_?1—1) +(0 - 2)2

-2 2
PQ ?+2) +
p 64)+(36)+4
Q= [\z5) T35

[
([

av = () + () +4-5

136
AP? ==
35

AP=2><\/3:4
35



