JEE Main 2021 August 27, Shift 1 (Mathematics)

In(x?)

16
1. The value of f6 In(x2)+In(x2—44x+484)

dx is equal to

(A)0

(B) 5

(C) 10
(D) 15
Ans. (B)

Solution:

ST In(x?)
Let] = f6 In(x2)+In(x2—44x+484)

16 In(x?)
I'= f6 In(x2)+In(22—x)>?

fl6 2lnx

= = =
6 2inx+2In(22—-x)

I=[° —"—dx ..(0)

Inx+In(22-x) ;

using f7 f(x)dx = [ f(a+ b — x) dx, we get

(" Im(22-x) .
I _fs dx ...(ii0)

In(22 — x) + Inx
By adding (i) & (ii), we get
21 = [.° dx = [x]1° = 10
[=5

2. The value of $2%,( 2°C,)” is equal to

(A) *°Cy
(B) *°Cy0
(C) (2°C10)°
(D) *°Cys

Ans. (B)



Sol.

2
20,(%2°C)" =222,%°Ck - *°Cy0- = *°Cy (which is the coefficient of x2° in the expansion of (1 + x)*°)

3. When a biased die is thrown, the probability of occurrence of 1 is % — x, probability of occurrence of 6 is % +x
and the probability of occurrence of each remaining face is % If two such dice are thrown, then the probability of
getting the sum equal to 7 is % The value of x is

A 15
GF
©3
(D)%
Ans. ()

Sol.
Given that

il 1
P1 =E+X,P6 =g—x
Py =Py =Pg=Py=-
Appling the given condition
P(sum =7) =P(6,1) + P(1,6) + P(5,2) + P(2,5) + P(4,3) + P(3,4)

= G+ GG+ @ + @+ O+ () =%

ple 2) 4 1
:2(3 X +36

6 9%
1 13
>-—2x2==
6 9%
1 13
=>2x2=-—=
6 9
1
=x? ==
1 -1
Sx=>,—
88

4. Let two points are A(0, 6) and B(2t,0) and M is the mid point of AB. If perpendicular bisector of line joining the
points A and B cuts the y-axis at point C, then the locus of mid point of MC is

(A)x*=3(2-y)
(B) 2x* =33 - )
(C)2x* =3(2-y)
(D) 3x* =2(3 - y)
Ans. (B)

Sol.

A(0,6) and B(2t, 0)
Since, M is mid point of AB = M = (¢, 3)



5.

Equation of the perpendicular bisector of A and B is

t
y=3=2(x-0

y-axis point of intersection will be C (O, 3- tg—z)
Let the mid point of MC is (h, k)
t t?
=>Mhk)=(5,3——

2 6
2h=tand§=3—k
= 4h? =6(3 — k)

Locus of (h, k) is 2x2 =3(3 —y)

Ifu=(1+i—22)(1+721—2)2 ’

A<

(B)
(©)

e?
16

4
e

(D)%

Ans. (B)

Sol.

-4 -4 2

Y Sl (1 + :l_zz)n—z (1 + fl—z)”_z (1 4 731_2);—33
n

Iny = li (147
Y L e
rr=

Put. = x and =
n n

=dx
1
Iny = f —4xin(1 + x?)dx
0
Letl+x%=t
2
Iny = —Zf Intdt
1
= —2(tint — t)|?
=—22n2-2+1)
=—2(2ln2 - 1)
1
In y = ln1—6 + 2

Y=716€

(1 + z—z) ......... (1 + :—z)n then the value of limu=4/"*

n—»oo

is:



6. If(sin'x)? — (cos~'x)? = q, then the value of (2x2 — 1) is:
(A) sin (Z?a)
(B) cos (%a)
(C) sin (*2)
(D) cos (4?(1)

Ans. (4)

Sol.

(sin"'x)? — (cos™'x)? = a,
= (sin"x + cos™1x)(sin"lx — cos™1x) = a

= %(sin‘lx —cos™1x) = a (using sin~'x + cos'x = g)

T 1 2a
= ——2c05 "x =—
2 s

_4 T 2a
= 208 X =———
2 2w

T 2a

= cos 1(2x2—1) = (— - —)
2 w

T Za)

=>2x2—1=cos(———
2 7

2a
= 2x%2—1=sin (—)
Vs
7. Ifk = %xz +§x3 + Zx‘* + --- oo then the value of k is

x%+x

(A)

+In(1-x)

1-x

(B) 2%+ In(1 + %)
(©) 1+x+In(l —x)
(D)0

Ans. (4)

Sol.

Here, k = (2—%)x2 +(2—§)x3 +(2—%)x4+---

xZ x3 X4
k=2[x?+x34+x*+- . ]-|=+=+—+ .
e 4 x4 x I-\z*3*3



2 2 3 4
k =2i+x—(x+x7+x?+x7+--~..)(usingformulaofG.P.)

1-x

2 N2
k= u:# + In(1 — x) (using expansion of In(1 — x))
k=% a
=T n(l —x)

2 2
8. Consider an ellipse E: Z— + 4?’7 = 1. If the minimum area enclosed between the tangent of the ellipse and the

2

coordinate axis is kab, then the value of k is
(A) 1
(B) 2
©3
(D) 4
Ans. (4)
Sol.

The equation of tangent at P(bcos@, 2asin8) is

\ B (0, 2acosecO)

/—w ,2asin®)
0
A
\ (0, 0) (bsech,0)

xcosf 4 ysing 1
b 2a
A(bsech,0),B(0,2acosech)

Avrea of triangle OAB = % X bsec X 2acosect

_ab _ 2ab

"~ cosfsinf  sin26
_ 2ab
~ sin26

Apmin = 2ab (as the value of sin26 is maximum at 1)
Sok=2
1 1 .
9 ZHAvorSr 2y 4 , then the value of y = log,ox + log 9x3 + logox° + -+ IS

34649412+ ... 43y l0g1oX

(A) 4



(B) 6
€9

(D) 12
Ans. (C)

2(1424+3+4+---...... + 4 - .
X ) - (taking 2 common from numerator and 3 common from denominator)
3(14243+4+....+Y) logiox

= logipx =6 = x=10°...(1)

1 1
S0,y = log9x + log,px3 + logpxe + -+

=log,ox + %loglox + %loglox +
1,1 1
=(1+§+5+---)log10x=1—_%x6=9

ez(x2+bx+“)—1—2(x2+bx+c) .

10. If a and g are the roots of x? + bx + ¢ = 0, then the value of lirré
p g

(x—p)?
(A) 4(b% — 4c)
(B) 2(b2 — 2¢)
(C) 2(b? — 4c¢)
(D) 2(b2 + 4¢)
Ans. (C)
Sol. We know difference of roots, | — a| = Vb2 — 4c
. 2= 12 (x—a)(x—B)
Here, lim B
Letx—fF=h
limez(ﬁ—“+h>h—12—2(ﬂ—a+h)h
h—0 h
_ 2 _ 2
(1 +208—a+mh+EELEN 4 _ohp—arn QE-—ar by, .

= lim = lim
h—0 h? h—0 h?

= 2(B—a)? = 2(b? — 40c)

11. A 20 m length wire is cut into 2 pieces. One piece is used to make a square and the other piece is used to make a
regular hexagon. The length of the side of the hexagon, so that sum of areas of square and hexagon is minimum,
will be:

4043

(A) 3-2v3
10

(B) 34243



10
©imn

403
(D) 3+2v3

Ans. (B)
Sol.

Let the length of 2 pieces be x and 20 — x

x/4
x/4 x/4 6a=20-x
{lr — 20 = I
x/4 6
XZ
Area of square A’ = s
Area of hexagon A" = 6 x \/;az
3vV3 /20 — x\?
ar 33 (2
2 6
Sum of both area, A = A" + 4"
x2 3
—_ . - 2
A_16+24(20 x)
dd x 3 3x — 40v/3 + 2+/3x
— =2 -——(20-x) =
dcx 8 12 24
dA 403 40
—=0>x= = =402 -3
dx 3+2V3 V3+2 ( )
d?2A 3+2V3
—_— = >0
dx? 24

So area will be minimum when x = 40(2 — /3)
20-40(2—+/3)
6
_10-40+20v3  (20¥3-30) 10(2v3-3) 10

3 3 3 C2v3+3

So length of side of hexagon =

12. If point (x, y) satisfy the relation x + 4y2 — 4x + 3 = 0, then
11
W xe13)ye[-17]

B)x € [1,3]; y€[1,3]

(C)x €[1,3]; y € —§§]



(D)x € [-2,2]; y € [-1,1]
Ans. (3)
Sol.  (x—2)2+4+4y2=1
y2

(X—Z)z'l‘T:l

)
Which is the equation of ellipse with end points of major axis at (+1,0) and end points of minor axis at (0, + %)

Hence—le—2S1and—%SyS%

Ans. (13)
Sol. We know tha,

252,92 .. 42 2
Variance he 1442443%+---.4n - ((1+2+3+ ..+n))
n n
nn+1)2n+1 n+ 1\°
- g 2 M 1) )y . ( )
6n 2
n+1
=n? =169
>n=13
14. If ZZJ:Zii € R and z € C, then the correct statement is:

(1) z is a straight line in argand plane
(2) z has only 1 value

(3) z has only 2 values

(4) z is a circle in argand plane

Ans. (1)

SOI. (ZZ-I-_Zii) = (ZZ-I-_le)
zZ—1 Z+1i

(z n Zi) - (z—— Zi)

Solving we get

z = —z which is the locus of y-axis



A A A

15. The distance of the point (2, 1, —3) parallel to the vector (2i + 3j — 6k) fromtheplane 2x +y +z+8 =01s

Ans. 70
Sol.

A2, 1,-3)
21 + 3] - 6k

Equation of line AB

2 -1 zZ+3

2 3 -6
Let B (24 + 2,31+ 1,—61 — 3)

Since B satisfy the given plane2x + y+z+8 =10
222 +2)+(B1+1)—-61-3+8=0

2=-10
B(—18,—29,57)

Distance AB = V202 + 302 + 602 = 400 + 900 + 3600 = 70

_ -1 (2x+1 2x+1 a .
16.If [ —( i D) dx = atan ( N ) (x2+x+1) + C, then value of 9 (\/§ + b) is equal to

Ans. 7

2x+1 2x+1
Sol. Given f (2+—+1)de atan” ( 73 ) +b (x2+x+1) +C

1
Let] = f mdx

Converting quadratic in denominator into a perfect square

@

Substitute x + l = ‘/;

1=

tan6

V3
dx = 758C29d9



73563029

(% tan26 + %)2

7359629
=[—4—do

(%secze)z

8
=—— [ cos?6d6
3v3 J

_ 8 f 1+00529d0
33 2
4

"33

sin20
2

|0+

As we know x + % = \/Z—gtane

2tané
1+tan?6

0 =tan~? (ZxT;l) and sin20 =

2(2x+1)
4 2x+1 4
— —1( ) \/§ +C

=——=tan + :
33 V3 33 (2x+1)2
21+
V3
2x+1
4 2x + 1 4
—ta‘1< + : V3 >+ C
3v3 V3 3v3 1 (2x+1)
+
V3
4 . _1<2x+1)+1 2x + 1 i
33 T3 3 Z+x+1)
4
SO,a—ﬁ,b——

17.{(pA(P->q)A(q@->1r)} > risequal to;
Aq-~r

Bp—~r

(C) fallacy

(D) tautology

Ans. (4)

Sol.  Given

{pAl@ =) A (g -1} -7 (Applyingp - q=~pVq)



={(A(~pV Q) A(q = 1)}~ r (Applying distributive property)
={((A~p)VAQ)A(q—>T1)}—>71 (Applyingp A~p = f)
={fvergAr(q@->1)}->r(Applying fVp=p&p—>q=~pVQq)
= {(p A Q) A (~qV 1)} = 1 (Applying distributive property)
={(er) A~V (pAg) AT)} =1 (Applying (p Aq) A~q = f)
={(fvrg)Ar)} -1 (Applying fVp = p)

={eAq) Ar} -1 (Applyingp = q=~pVq)

~((@A@AT)VT

(~pAQV~r)Vr=t

which is a tautology.

18. In a AABC if 324 = Sin(C=4)
' sinB  sin(B—C)

(A) b?,a?,c? arein A. P.

(B) a?,c?,b? arein A. P.

(C) a® — b%,b%> —c?,c? —a% areinG.P.

(D) a?,b?,c? are in G. P.

Ans. (2)

Sol. Given

sinA _ sin(C—-A)

sinB sin(B—C)

A+B+C=m
sin(m— (B + () sin(C —4)
sin(m— (A+C)) sin(B—C)

then

sin(B+C)  sin(C — A)
= sin(A+C) sin(B - C)
= sin(B + C)sin(B — C) = sin(C — A)sin(A + C)
Using the formula sin(A + B)sin(4A — B) = sin? A — sin®B
= sin? B — sin?C = sin?C — sin? A
= sin? A, sin?C,sin? B are in A. P.
= a?,c? b?arein A.P. (using sine rule)

19. The equation of curve passing through the point (2, —2) and satisfying the differential equation y + xZ—i =x?1is
given by:

(A) x3 —3xy = —20
(B) x3 + 3xy = 20
(C) 3xy —x3 =10
(D) x3 — 3xy = 20
Ans. (4)

dy _ 2
Sol. ytx—=x



d 1
dy 1

=X
dx xy

IF = /3% — glnx — 4
Therefore, the general solution of the differential equation will be
yx = [ x%dx
X3
Xy == +c

This curve passes through the point (2, —2), so we get

8
—-4=-+c
3
20
C=——
3
X _x3 20
Y=3 73

So3xy = x3—20
Hence, the equation of curve is x3 — 3xy = 20

2

20. Given matrix 4 = [2 -1

]. If A(A3 + 3I) = 21 (where I be a unit matrix), then the possible value of x is:
(A) -3

(8)3
©1
(D) 2
Ans. (2)
Sol.  Given A* + 341 = 2I
AN ()
The characteristic equationis |[A — AI| = 0
0—-41 2
% x =1y T 0
>1+2%2-2x=0
S0,A2+A—-2xI=0
A2 =2xI—A
A* = A% + 4x? | —2(2xA)
A = 2xI — A + 4x?] — 4xA
= (2x + 4x*)I — A(1 + 4x)
On comparing with equation (i), we get,

4x+1=3
dx =2

1
X =

21.3and b are two perpendicular vectors withd = i + 5] + ak, b =i+ 3j + Bk. Also, ¢ = i — 2j + 3k and |b x ¢| =
5+/3. The maximum value of |3|? is equal to

Ans. 90
Sol.3and b are perpendicular, so
i-b=0

=>14+15+aB =0



= af =16 ..(1)

~

- i Jj k
bx¢=|1 3 p
1 -2 3

=>bx&=1(9+28)—jB—B)+k(-2-13)
Given, |b X & = 5V3

= 9+28)2*+(B-p)*+25=75

=582 +308+40=0

>p=-2-4
B=-2=>a=8andf=—4>a=4

For the maximum value of |3|?,a = 8

So, the maximum value of |3|? is 1 + 25 + 64 = 90

22. A tangent and normal are drawn at the point P(2, —4) of parabola y? = 8x which cut the directrix at points A and
B respectively. A given point Q (h, k) is used to form a square AQBP. Then the absolute value of h + k is equal to

Ans. 10

The equation of tangent at (2, —4) to the parabola is

T=0= -4y =4(x +2)

>x+y+2=0 ..(1)

Normal to the parabola at (2, —4) is

x—y=k

=>x—-y=6 ..(2)

Directrix of parabolais x = =2 ...(3)

> A= (-20)and B = (-2,-8)

As, AQBP is a square. So, the mid-point of AB will be same as the mid-point of PQ

h+2 k-4

= (2-0=(555)
>h=-6k=-4
>h+k=-10

23. If there are three sets defined on set of real numbers P = {x: |x — 2| > 1},Q = {x:\/xz -3> 1} and R =
{x: |[x — 4] > 2}, then the number of integer elements in the set (P N Q N R)'is

Ans. 9



Sol.

SetP =x € (—o0,1) U (3,0)
SetQ = x € (—o0,—2) U (2, )
SetR = x € (—,2) U (6,)
PNQNR = (—0,—2) U (6,0)
(PNQNR) =[-26]

Number of integral values = 9

24. Number of five-digit numbers divisible by 55, formed using the digits 1, 2, 3,4, 5 & 6 (repetition not allowed) is
Ans. 12

Sol.

A five-digit number abcde is divisible by 55 if e = 5 and abcd5 is divisible by 11.

So, |(a + ¢+ 5) — (b + d)| should also be divisible by 11 as per the rule of divisibility of 11

When (a,c) = (6,3) and (b,d) = (1,2) = 4 ways

When (a, c) = (6,4) and (b,d) = (1,3) = 4 ways

When (a,c) = (2,3) and (b,d) = (6,4) = 4 ways

Hence, total cases = 12

25. If y4 + y "4 =2xisacurve satlsfymg &y (x -1+ bx— + ay = 0, then the absolute value of a + b is equal to

Ans. 15

Solution:
. P S |
Differentiating y+ + y + = 2x, we get
1/ =2 “3\a
17 -2

- ()2 =

dx
\/ y4+y4 —4—8y@
= V4x2 — 8y—
> 2Vx? =12 = 8y

Now, differentiating w.r.t. x, we get



VaZ oy X Ay 44y

dx? \/x2-1E dx

2
:(xz—l)%+x~d—y=4\/x2—1ﬂ

dx dx

2 _ )&y, W
= (x 1)dx2+x = 16y

. . dzy 2 dy
Now, comparing with 2 (x=1)+ bx—=+ ay = 0, we get

a=-16,b=1
26. If Z—z = ;:;:Si (y +3),y(0) = 1,then y (g) is
4
(A) 3
7
B)3
2
©3
(D)3
Ans: (B)
Solution:
dy —sinx

y+3:2+cosx X
= In(y+3) =In(2 + cosx) +InC
=>y+3=C(2+cosx)
Atx=0,y=1
4
3
4
y=§(2+cosx)—3

4=3C>C=

Hencey(§)=§(2+%)—3=§-5—1=§



