
 

 

JEE Main 2021 August 27, Shift 1 (Mathematics) 
 

1. The value of ∫
𝑙𝑛(𝑥2)

𝑙𝑛(𝑥2)+𝑙𝑛(𝑥2−44𝑥+484)

16

6
𝑑𝑥 is equal to 

(A) 0 

(B) 5 

(C) 10 

(D) 15 

Ans.  (𝐵) 

Solution: 

  Let 𝐼 = ∫
𝑙𝑛(𝑥2)

𝑙𝑛(𝑥2)+𝑙𝑛(𝑥2−44𝑥+484)

16

6
𝑑𝑥 

𝐼 = ∫  
𝑙𝑛(𝑥2)

𝑙𝑛(𝑥2)+𝑙𝑛(22−𝑥)2
16

6
𝑑𝑥  

𝐼 = ∫
2𝑙𝑛𝑥

2𝑙𝑛𝑥+2𝑙𝑛(22−𝑥)

16

6
𝑑𝑥  

𝐼 = ∫  
𝑙𝑛𝑥

𝑙𝑛𝑥+𝑙𝑛(22−𝑥)

16

6
𝑑𝑥 … (𝑖)  

using ∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 = ∫ 𝑓(𝑎 + 𝑏 − 𝑥)

𝑏

𝑎
𝑑𝑥, we get 

𝐼 = ∫
𝑙𝑛(22 − 𝑥)

𝑙𝑛(22 − 𝑥) + 𝑙𝑛𝑥

16

6

  𝑑𝑥  … (𝑖𝑖) 

By adding (𝑖) & (𝑖𝑖), we get 

2𝐼 = ∫  𝑑𝑥
16

6
= [𝑥]6

16 = 10  

𝐼 = 5  

2. The value of ∑ ( 𝐶𝑘
20 )

220
𝑘=0   is equal to 

 

(A)  𝐶20
30  

(B)  𝐶20
40  

(C) ( 𝐶10
20 )

2
 

(D)  𝐶15
40  

Ans.  (𝐵) 



 

 

Sol. 

∑ ( 𝐶𝑘
20 )

220
𝑘=0  = ∑ 𝐶𝑘

20 ·  𝐶20−𝑘
2020

𝑘=0 = 𝐶20
40  (which is the coefficient of 𝑥20 in the expansion of (1 + 𝑥)40) 

 

3. When a biased die is thrown, the probability of occurrence of 1 is 
1

6
− 𝑥, probability of occurrence of 6 is  

1

6
+ 𝑥 

and the probability of occurrence of each remaining face is 
1

6
. If two such dice are thrown, then the probability of 

getting the sum equal to 7 is 
13

96
. The value of 𝑥 is 

(A) 
1

18
 

(B) 
1

12
 

(C) 
1

8
 

(D) 
1

6
 

Ans. (𝐶) 

Sol.   

Given that 

𝑃1 =
1

6
+ 𝑥, 𝑃6 =

1

6
− 𝑥  

𝑃3 = 𝑃4 = 𝑃5 = 𝑃2 =
1

6
   

Appling the given condition 

𝑃( 𝑠𝑢𝑚 = 7) = 𝑃(6, 1) + 𝑃(1, 6) + 𝑃(5, 2) + 𝑃(2, 5) + 𝑃(4, 3) + 𝑃(3, 4)  

⇒ (
1

6
+ 𝑥)(

1

6
− 𝑥) + (

1

6
− 𝑥)(

1

6
+ 𝑥) + (

1

6
)
2
+ (

1

6
)
2
+ (

1

6
)
2
+ (

1

6
)
2
=

13

96
  

⇒ 2(
1

36
− 𝑥2) +

4

36
=

13

96
  

⇒
1

6
− 2𝑥2 =

13

96
  

⇒ 2𝑥2 =
1

6
−

13

96
  

⇒ 𝑥2 =
1

64
  

⇒ 𝑥 =
1

8
 , 

−1

8
 

 

4. Let two points are 𝐴(0, 6) and 𝐵(2𝑡, 0) and 𝑀 is the mid point of 𝐴𝐵. If perpendicular bisector of line joining the 

points 𝐴 and 𝐵 cuts the 𝑦-axis at point 𝐶, then the locus of mid point of 𝑀𝐶 is 

 (A) 𝑥2 = 3(2 − 𝑦) 

(B) 2𝑥2 = 3(3 − 𝑦) 

(C) 2𝑥2 = 3(2 − 𝑦) 

(D) 3𝑥2 = 2(3 − 𝑦) 

Ans.  (𝐵) 

Sol. 

𝐴(0, 6) and 𝐵(2𝑡, 0) 

Since, 𝑀 is mid point of 𝐴𝐵 ⇒ 𝑀 ≡ (𝑡, 3) 



 

 

Equation of the perpendicular bisector of 𝐴 and 𝐵 is 

𝑦 − 3 =
𝑡

3
(𝑥 − 𝑡) 

 𝑦-axis point of intersection will be 𝐶 (0, 3 −
𝑡2

3
)  

Let the mid point of 𝑀𝐶 is (ℎ, 𝑘) 

⇒ (ℎ, 𝑘) ≡ (
𝑡

2
, 3 −

𝑡2

6
) 

2ℎ = 𝑡 and 
𝑡2

6
= 3 − 𝑘 

⇒ 4ℎ2 = 6(3 − 𝑘) 

Locus of (ℎ, 𝑘) is 2𝑥2 = 3(3 − 𝑦) 

5. If 𝑢 = (1 +
12

𝑛2) (1 +
22

𝑛2)
2

(1 +
32

𝑛2)
3

………(1 +
𝑛2

𝑛2)
𝑛

, then the value of 𝑙𝑖𝑚
𝑛→∞

𝑢−4/𝑛2
 is : 

(A) 
𝑒2

4
 

(B) 
𝑒2

16
 

(C) 
4

𝑒
 

(D) 
16

𝑒2 

Ans.  (𝐵) 

Sol. 

𝑦 = 𝑙𝑖𝑚
𝑛→∞

(1 +
12

𝑛2)

−4

𝑛2

(1 +
22

𝑛2)

−4

𝑛2·2

(1 +
32

𝑛2)

−4

𝑛2·3

…  

𝑙𝑛𝑦 = 𝑙𝑖𝑚
𝑛→∞

∑
−4

𝑛2
𝑟𝑙𝑛 (1 +

𝑟2

𝑛2)

𝑛

𝑟=1

  

Put 
𝑟

𝑛
= 𝑥 and 

1

𝑛
= 𝑑𝑥 

𝑙𝑛𝑦 = ∫ −4𝑥𝑙𝑛(1 + 𝑥2)𝑑𝑥     
1

0

  

Let 1 + 𝑥2 = 𝑡 

𝑙𝑛𝑦 = −2∫ 𝑙𝑛𝑡𝑑𝑡
2

1

  

= −2(𝑡𝑙𝑛𝑡 − 𝑡)|1
2 

= −2(2𝑙𝑛2 − 2 + 1) 

= −2(2𝑙𝑛2 − 1) 

ln 𝑦 = 𝑙𝑛
1

16
+ 2 

𝑦 =
1

16
𝑒2 



 

 

6. If(𝑠𝑖𝑛−1𝑥)2 − (𝑐𝑜𝑠−1𝑥)2 = 𝑎, then the value of (2𝑥2 − 1) is: 

 (A) 𝑠𝑖𝑛 (
2𝑎

𝜋
) 

(B) 𝑐𝑜𝑠 (
2𝑎

𝜋
) 

(C) 𝑠𝑖𝑛 (
4𝑎

𝜋
) 

(D) 𝑐𝑜𝑠 (
4𝑎

𝜋
) 

Ans.  (𝐴) 

Sol. 

(𝑠𝑖𝑛−1𝑥)2 − (𝑐𝑜𝑠−1𝑥)2 = 𝑎, 

⇒ (𝑠𝑖𝑛−1𝑥 + 𝑐𝑜𝑠−1𝑥)(𝑠𝑖𝑛−1𝑥 − 𝑐𝑜𝑠−1𝑥) = 𝑎 

⇒
𝜋

2
(𝑠𝑖𝑛−1𝑥 − 𝑐𝑜𝑠−1𝑥) = 𝑎 (using 𝑠𝑖𝑛−1𝑥 + 𝑐𝑜𝑠−1𝑥 =

𝜋

2
) 

⇒
𝜋

2
− 2𝑐𝑜𝑠−1𝑥 =

2𝑎

𝜋
 

⇒ 2𝑐𝑜𝑠−1𝑥 =
𝜋

2
−

2𝑎

𝜋
 

⇒ 𝑐𝑜𝑠−1(2𝑥2 − 1) = (
𝜋

2
−

2𝑎

𝜋
) 

⇒ 2𝑥2 − 1 = 𝑐𝑜𝑠 (
𝜋

2
−

2𝑎

𝜋
) 

⇒ 2𝑥2 − 1 = 𝑠𝑖𝑛 (
2𝑎

𝜋
) 

7. If 𝑘 =
3

2
𝑥2 +

5

3
𝑥3 +

7

4
𝑥4 + ⋯∞ then the value of 𝑘 is 

(A)  
𝑥2+𝑥

1−𝑥
+ 𝑙𝑛(1 − 𝑥) 

(B)  
𝑥2+𝑥

1+𝑥
+ 𝑙𝑛(1 + 𝑥) 

(C) 1 + 𝑥 + 𝑙𝑛(1 − 𝑥) 

(D) 0 

Ans.  (𝐴) 

Sol. 

Here, 𝑘 = (2 −
1

2
)𝑥2 + (2 −

1

3
)𝑥3 + (2 −

1

4
) 𝑥4 + ⋯… 

𝑘 = 2[𝑥2 + 𝑥3 + 𝑥4 + ⋯…] − (
𝑥2

2
+

𝑥3

3
+

𝑥4

4
+ ⋯ . ) 



 

 

𝑘 =
2𝑥2

1−𝑥
+ 𝑥 − (𝑥 +

𝑥2

2
+

𝑥3

3
+

𝑥4

4
+ ⋯ . . ) (using formula of G.P.) 

𝑘 =
2𝑥2+𝑥−𝑥2

1−𝑥
+ 𝑙𝑛(1 − 𝑥) (using expansion of 𝑙𝑛(1 − 𝑥)) 

𝑘 =
𝑥2 + 𝑥

1 − 𝑥
+ 𝑙𝑛(1 − 𝑥) 

8. Consider an ellipse 𝐸:
𝑥2

𝑏2 +
𝑦2

4𝑎2 = 1. If the minimum area enclosed between the tangent of the ellipse and the 

coordinate axis is 𝑘𝑎𝑏, then the value of 𝑘 is  

(A) 1 

(B) 2 

(C) 3 

(D) 4 

Ans.  (𝐴) 

Sol. 

The equation of tangent at 𝑃(𝑏𝑐𝑜𝑠𝜃, 2𝑎𝑠𝑖𝑛𝜃) is 

 

 
𝑥𝑐𝑜𝑠𝜃

𝑏
+

𝑦𝑠𝑖𝑛𝜃

2𝑎
= 1 

𝐴(𝑏𝑠𝑒𝑐𝜃, 0), 𝐵(0, 2𝑎𝑐𝑜𝑠𝑒𝑐𝜃) 

Area of triangle 𝑂𝐴𝐵 =
1

2
× 𝑏𝑠𝑒𝑐𝜃 × 2𝑎𝑐𝑜𝑠𝑒𝑐𝜃 

=
𝑎𝑏

𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃
=

2𝑎𝑏

𝑠𝑖𝑛2𝜃
 

𝛥 =
2𝑎𝑏

𝑠𝑖𝑛2𝜃
 

𝛥𝑚𝑖𝑛 = 2𝑎𝑏 (as the value of 𝑠𝑖𝑛2𝜃 is maximum at 1) 

So 𝑘 = 2 

 

9. If 
2+4+6+8+⋯……+2𝑦

3+6+9+12+⋯……+3𝑦
=

4

𝑙𝑜𝑔10𝑥
, then the value of 𝑦 = 𝑙𝑜𝑔10𝑥 + 𝑙𝑜𝑔10𝑥

1

3 + 𝑙𝑜𝑔10𝑥
1

9 + ⋯ is 

(A) 4 



 

 

(B) 6 

(C) 9 

(D) 12 

Ans.  (𝐶) 

Sol. 
2(1+2+3+4+⋯……+𝑦)

3(1+2+3+4+⋯……+𝑦)
=

4

𝑙𝑜𝑔10𝑥
 (taking 2 common from numerator and 3 common from denominator) 

 ⇒ 𝑙𝑜𝑔10𝑥 = 6  ⇒   𝑥 = 106 . . . (1) 

So, 𝑦 = 𝑙𝑜𝑔10𝑥 + 𝑙𝑜𝑔10𝑥
1

3 + 𝑙𝑜𝑔10𝑥
1

9 + ⋯ 

  = 𝑙𝑜𝑔10𝑥 +
1

3
𝑙𝑜𝑔10𝑥 +

1

9
𝑙𝑜𝑔10𝑥 + ⋯ 

  = (1 +
1

3
+

1

9
+ ⋯) 𝑙𝑜𝑔10𝑥 =

1

1−
1

3

× 6 = 9 

10. If 𝛼 and 𝛽 are the roots of 𝑥2 + 𝑏𝑥 + 𝑐 = 0, then the value of 𝑙𝑖𝑚
𝑥→𝛽

𝑒2(𝑥2+𝑏𝑥+𝑐)−1−2(𝑥2+𝑏𝑥+𝑐)

(𝑥−𝛽)2
 is 

(A) 4(𝑏2 − 4𝑐) 

(B) 2(𝑏2 − 2𝑐) 

(C) 2(𝑏2 − 4𝑐) 

(D) 2(𝑏2 + 4𝑐) 

Ans.  (𝐶) 

Sol. We know difference of roots, |𝛽 − 𝛼| = √𝑏2 − 4𝑐 

 Here, 𝑙𝑖𝑚
𝑥→𝛽

𝑒2(𝑥−𝛼)(𝑥−𝛽)−1−2(𝑥−𝛼)(𝑥−𝛽)

(𝑥−𝛽)2
 

 Let 𝑥 − 𝛽 = ℎ 

 𝑙𝑖𝑚
ℎ→0

𝑒2(𝛽−𝛼+ℎ)ℎ−1−2(𝛽−𝛼+ℎ)ℎ

ℎ2  

= 𝑙𝑖𝑚
ℎ→0

(1 + 2(𝛽 − 𝛼 + ℎ)ℎ +
(2(𝛽 − 𝛼 + ℎ)ℎ)2

2! … ) − 1 − 2ℎ(𝛽 − 𝛼 + ℎ)

ℎ2
= 𝑙𝑖𝑚

ℎ→0

(2(𝛽 − 𝛼 + ℎ)ℎ)2

2! + ⋯

ℎ2
 

=   2(𝛽 − 𝛼)2 = 2(𝑏2 − 4𝑐) 

11. A 20 𝑚 length wire is cut into 2 pieces. One piece is used to make a square and the other piece is used to make a 

regular hexagon. The length of the side of the hexagon, so that sum of areas of square and hexagon is minimum, 

will be: 

(A) 
40√3

3−2√3
 

(B) 
10

3+2√3
 



 

 

(C) 
10

3−2√3
 

(D) 
40√3

3+2√3
 

Ans.  (𝐵) 

Sol. 

Let the length of 2 pieces be 𝑥 and 20 − 𝑥 

 

Area of square 𝐴′ =
𝑥2

16
  

Area of hexagon 𝐴" = 6 ×
√3

4
𝑎2 

A" =
3√3

2
· (

20 − 𝑥

6
)
2

 

Sum of both area, 𝐴 = A′ + 𝐴" 

𝐴 =
𝑥2

16
+

√3

24
(20 − 𝑥)2 

𝑑𝐴

𝑑𝑥
=

𝑥

8
−

√3

12
(20 − 𝑥) =

3𝑥 − 40√3 + 2√3𝑥

24
 

𝑑𝐴

𝑑𝑥
= 0 ⇒ 𝑥 =

40√3

3 + 2√3
=

40

√3 + 2
= 40(2 − √3) 

𝑑2𝐴

𝑑𝑥2
=

3 + 2√3

24
> 0 

So area will be minimum when 𝑥 = 40(2 − √3)  

So length of side of hexagon =
20−40(2−√3)

6
  

=
10 − 40 + 20√3

3
=

(20√3 − 30)

3
=

10(2√3 − 3)

3
=

10

2√3 + 3
 

 

12. If point (𝑥, 𝑦) satisfy the relation 𝑥2 + 4𝑦2 − 4𝑥 + 3 = 0, then 

(A) 𝑥 ∈ [1, 3];  𝑦 ∈ [−
1

3
,
1

3
] 

(B) 𝑥 ∈ [1, 3];  𝑦 ∈ [1, 3] 

(C) 𝑥 ∈ [1, 3];  𝑦 ∈ [−
1

2
,
1

2
] 



 

 

(D) 𝑥 ∈ [−2, 2];  𝑦 ∈ [−1, 1] 

Ans. (3) 

Sol.  (𝑥 − 2)2 + 4𝑦2 = 1 

(𝑥 − 2)2 +
𝑦2

1
4

= 1 

Which is the equation of ellipse with end points of major axis at (±1,0) and end points of minor axis at (0, ±
1

2
) 

Hence −1 ≤ 𝑥 − 2 ≤ 1 and −
1

2
≤ 𝑦 ≤

1

2
 

1 ≤ 𝑥 ≤ 3 and −
1

2
≤ 𝑦 ≤

1

2
 

13. Let 1, 2, 3, …… , 𝑛 are 𝑛 variates having variance 14, then the value of 𝑛 is equal to 

Ans. (13) 

Sol. We know tha, 

variance = 
12+22+32+⋯..+𝑛2

𝑛
− (

(1+2+3+⋯..+𝑛)

𝑛
)
2
 

⇒ 14 =
𝑛(𝑛 + 1)(2𝑛 + 1)

6𝑛
− (

𝑛 + 1

2
)
2

 

⇒ 14 =
𝑛 + 1

12
[2(2𝑛 + 1) − 3(𝑛 + 1)] 

⇒ 𝑛2 = 169 

⇒ 𝑛 = 13 

14. If 
𝑧−𝑖

𝑧+2𝑖
∈ 𝑅 and 𝑧 ∈ 𝐶, then the correct statement is: 

(1) 𝑧 is a straight line in argand plane 

(2) 𝑧 has only 1 value 

(3) 𝑧 has only 2 values 

(4) 𝑧 is a circle in argand plane 

Ans. (1) 

Sol. (
𝑧−𝑖

𝑧+2𝑖
) = (

𝑧−𝑖

𝑧+2𝑖
)

̅̅ ̅̅ ̅̅ ̅̅
   

(
𝑧 − 𝑖

𝑧 + 2𝑖
) = (

𝑧̅ + 𝑖

𝑧̅ − 2𝑖
) 

Solving we get 

𝑧 = −𝑧̅ which is the locus of 𝑦-axis 

 



 

 

15. The distance of the point (2, 1,−3) parallel to the vector (2𝑖
^
+ 3𝑗

^
− 6𝑘

^

) from the plane 2𝑥 + 𝑦 + 𝑧 + 8 = 0 is: 

Ans. 70 

Sol. 

   

Equation of line 𝐴𝐵 

 
𝑥−2

2
=

𝑦−1

3
=

𝑧+3

−6
= 𝜆 

Let 𝐵 (2𝜆 + 2, 3𝜆 + 1,−6𝜆 − 3) 

Since 𝐵 satisfy the given plane 2𝑥 + 𝑦 + 𝑧 + 8 = 0  

2(2𝜆 + 2) + (3𝜆 + 1) − 6𝜆 − 3 + 8 = 0 

𝜆 = −10 

𝐵(−18,−29, 57) 

Distance 𝐴𝐵 = √202 + 302 + 602 = √400 + 900 + 3600 = 70 

16. If ∫
1

(𝑥2+𝑥+1)2
𝑑𝑥 = 𝑎 𝑡𝑎𝑛−1 (

2𝑥+1

√3
) + 𝑏 (

2𝑥+1

𝑥2+𝑥+1
) + 𝐶, then value of 9 (

𝑎

√3
+ 𝑏) is equal to 

Ans. 7 

 Sol.  Given ∫
1

(𝑥2+𝑥+1)2
𝑑𝑥 = 𝑎 𝑡𝑎𝑛−1 (

2𝑥+1

√3
) + 𝑏 (

2𝑥+1

𝑥2+𝑥+1
) + 𝐶 

Let 𝐼 = ∫
1

(𝑥2+𝑥+1)2
𝑑𝑥 

Converting quadratic in denominator into a perfect square 

𝐼 = ∫
1

[(𝑥 +
1
2)

2

+ (
√3
2 )

2

]

2 𝑑𝑥 

Substitute 𝑥 +
1

2
=

√3

2
𝑡𝑎𝑛𝜃 

𝑑𝑥 =
√3

2
𝑠𝑒𝑐2𝜃𝑑𝜃 



 

 

⇒ I = ∫

√3
2

𝑠𝑒𝑐2𝜃

(
3
4
tan2𝜃 +

3
4
)
2 𝑑𝜃 

= ∫

√3
2 𝑠𝑒𝑐2𝜃

(
3
4
𝑠𝑒𝑐2𝜃)

2 𝑑𝜃 

=
8

3√3
∫ 𝑐𝑜𝑠2𝜃𝑑𝜃 

=
8

3√3
∫

1 + 𝑐𝑜𝑠2𝜃

2
𝑑𝜃 

=
4

3√3
[𝜃 +

𝑠𝑖𝑛2𝜃

2
] + 𝐶 

As we know 𝑥 +
1

2
=

√3

2
𝑡𝑎𝑛𝜃 

𝜃 = 𝑡𝑎𝑛−1 (
2𝑥+1

√3
) and 𝑠𝑖𝑛2𝜃 =

2𝑡𝑎𝑛𝜃

1+𝑡𝑎𝑛2𝜃
 

=
4

3√3
𝑡𝑎𝑛−1 (

2𝑥 + 1

√3
) +

4

3√3
·

2 (
2𝑥 + 1

√3
)

2 [1 + (
2𝑥 + 1

√3
)
2

]

+ 𝐶 

=
4

3√3
𝑡𝑎𝑛−1 (

2𝑥 + 1

√3
) +

4

3√3
·

2𝑥 + 1

√3

1 + (
2𝑥 + 1

√3
)
2 + 𝐶 

=
4

3√3
𝑡𝑎𝑛−1 (

2𝑥 + 1

√3
) +

1

3
·

2𝑥 + 1

(𝑥2 + 𝑥 + 1)
+ 𝐶 

So, 𝑎 =
4

3√3
, 𝑏 =

1

3
 

Now, 9 (
𝑎

√3
+ 𝑏) = 9(

4

9
+

1

3
) = 7 

 

 

17. {(𝑝 ∧ (𝑝 → 𝑞)) ∧ (𝑞 → 𝑟)} → 𝑟 is equal to ; 

(A) 𝑞 → ~ 𝑟 

(B) 𝑝 → ~ 𝑟 

(C) fallacy 

(D) tautology 

Ans. (4) 

Sol. Given  

{(𝑝 ∧ (𝑝 → 𝑞)) ∧ (𝑞 → 𝑟)} → 𝑟 (𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑝 → 𝑞 = ~𝑝 ∨ 𝑞) 

 



 

 

≡ {(𝑝 ∧ (~𝑝 ∨ 𝑞)) ∧ (𝑞 → 𝑟)} → 𝑟 (𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦) 

≡ {((𝑝 ∧ ~𝑝) ∨ (𝑝 ∧ 𝑞)) ∧ (𝑞 → 𝑟)} → 𝑟  (𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑝 ∧ ~𝑝 = 𝑓) 

≡ {(𝑓 ∨ (𝑝 ∧ 𝑞) ∧ (𝑞 → 𝑟)} → 𝑟 (𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑓 ∨ 𝑝 = 𝑝 & 𝑝 → 𝑞 = ~𝑝 ∨ 𝑞) 

≡ {(𝑝 ∧ 𝑞) ∧ (~𝑞 ∨ 𝑟)} → 𝑟 (𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦) 

≡ {((𝑝 ∧ 𝑞) ∧ ~𝑞) ∨ ((𝑝 ∧ 𝑞) ∧ 𝑟)} → 𝑟 (𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 (𝑝 ∧ 𝑞) ∧ ~𝑞 = 𝑓)  

≡ {(𝑓 ∨ ((𝑝 ∧ 𝑞) ∧ 𝑟)} → 𝑟 (𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑓 ∨ 𝑝 = 𝑝) 

≡ {(𝑝 ∧ 𝑞) ∧ 𝑟} → 𝑟 (𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑝 → 𝑞 = ~𝑝 ∨ 𝑞) 

≡ ~((𝑝 ∧ 𝑞) ∧ 𝑟) ∨ 𝑟 

≡ (~(𝑝 ∧ 𝑞) ∨ ~𝑟) ∨ 𝑟 ≡ 𝑡 

which is a tautology. 

18. In a ∆𝐴𝐵𝐶 if  
𝑠𝑖𝑛𝐴

𝑠𝑖𝑛𝐵
=

𝑠𝑖𝑛(𝐶−𝐴)

𝑠𝑖𝑛(𝐵−𝐶)
, then  

(A) 𝑏2, 𝑎2, 𝑐2 are in 𝐴. 𝑃. 

(B) 𝑎2, 𝑐2, 𝑏2 are in 𝐴. 𝑃. 

(C) 𝑎2 − 𝑏2, 𝑏2 − 𝑐2, 𝑐2 − 𝑎2 are in 𝐺. 𝑃. 

(D) 𝑎2, 𝑏2, 𝑐2 are in 𝐺. 𝑃. 

Ans. (2) 

Sol. Given 

 
𝑠𝑖𝑛𝐴

𝑠𝑖𝑛𝐵
=

𝑠𝑖𝑛(𝐶−𝐴)

𝑠𝑖𝑛(𝐵−𝐶)
 

𝐴 + 𝐵 + 𝐶 = 𝜋 

⇒
𝑠𝑖𝑛(𝜋 − (𝐵 + 𝐶))

𝑠𝑖𝑛(𝜋 − (𝐴 + 𝐶))
=

𝑠𝑖𝑛(𝐶 − 𝐴)

𝑠𝑖𝑛(𝐵 − 𝐶)
 

 

⇒
𝑠𝑖𝑛(𝐵 + 𝐶)

𝑠𝑖𝑛(𝐴 + 𝐶)
=

𝑠𝑖𝑛(𝐶 − 𝐴)

𝑠𝑖𝑛(𝐵 − 𝐶)
 

⇒ 𝑠𝑖𝑛(𝐵 + 𝐶)𝑠𝑖𝑛(𝐵 − 𝐶) = 𝑠𝑖𝑛(𝐶 − 𝐴)𝑠𝑖𝑛(𝐴 + 𝐶) 

Using the formula 𝑠𝑖𝑛(𝐴 + 𝐵)𝑠𝑖𝑛(𝐴 − 𝐵) = 𝑠𝑖𝑛2 𝐴 − 𝑠𝑖𝑛2𝐵 

⇒ 𝑠𝑖𝑛2 𝐵 − 𝑠𝑖𝑛2𝐶 = 𝑠𝑖𝑛2𝐶 − 𝑠𝑖𝑛2 𝐴 

⇒ 𝑠𝑖𝑛2 𝐴, 𝑠𝑖𝑛2𝐶, 𝑠𝑖𝑛2 𝐵 are in 𝐴. 𝑃.  

 ⇒ 𝑎2, 𝑐2, 𝑏2 are in 𝐴. 𝑃. (using sine rule) 

 

19. The equation of curve passing through the point (2, −2) and satisfying the differential equation 𝑦 + 𝑥
𝑑𝑦

𝑑𝑥
= 𝑥2 is 

given by: 

(A) 𝑥3 − 3𝑥𝑦 = −20 

(B) 𝑥3 + 3𝑥𝑦 = 20 

(C) 3𝑥𝑦 − 𝑥3 = 10 

(D) 𝑥3 − 3𝑥𝑦 = 20 

Ans. (4) 

Sol.  𝑦 + 𝑥
𝑑𝑦

𝑑𝑥
= 𝑥2 



 

 

 
𝑑𝑦

𝑑𝑥
+

1

𝑥
𝑦 = 𝑥 

 IF = 𝑒∫
1

𝑥
𝑑𝑥 = 𝑒𝑙𝑛𝑥 = 𝑥 

 Therefore, the general solution of the differential equation will be 

 𝑦𝑥 = ∫ 𝑥2𝑑𝑥 

 𝑥𝑦 =
𝑥3

3
+ 𝑐 

 This curve passes through the point (2, −2), so we get 

 −4 =
8

3
+ 𝑐 

 𝑐 = −
20

3
 

 ∴  𝑥𝑦 =
𝑥3

3
−

20

3
 

 So 3𝑥𝑦 = 𝑥3 − 20 

 Hence, the equation of curve is 𝑥3 − 3𝑥𝑦 = 20 

 

20. Given matrix 𝐴 = [
0 2
𝑥 −1

 ]. If 𝐴(𝐴3 + 3𝐼) = 2𝐼 (where 𝐼 be a unit matrix), then the possible value of 𝑥 is: 

(A) −
1

2
 

(B) 
1

2
 

(C) 1 

(D) 2 

Ans. (2) 

Sol.  Given 𝐴4 + 3𝐴𝐼 = 2𝐼 

 𝐴4 = 2𝐼 − 3𝐴     …(i) 

 The characteristic equation is |𝐴 − 𝜆𝐼| = 0 

 ⇒ |
0 − 𝜆 2

𝑥 −1 − 𝜆
 | = 0 

 ⇒ 𝜆 + 𝜆2 − 2𝑥 = 0 

 So, 𝐴2 + 𝐴 − 2𝑥𝐼 = 0 

 𝐴2 = 2𝑥𝐼 − 𝐴 

 𝐴4 = 𝐴2 + 4𝑥2 ∣ −2(2𝑥𝐴) 

 𝐴4 = 2𝑥𝐼 − 𝐴 + 4𝑥2𝐼 − 4𝑥𝐴 

 = (2𝑥 + 4𝑥2)𝐼 − 𝐴(1 + 4𝑥) 

 On comparing with equation (i), we get,  

 4𝑥 + 1 = 3 

 4𝑥 = 2 

 𝑥 =
1

2
 

 

21. a⃗  and b⃗   are two perpendicular vectors with a⃗ = 𝑖̂ + 5𝑗̂ + 𝛼�̂�, b⃗ = 𝑖̂ + 3𝑗̂ + 𝛽�̂�. Also, c = 𝑖̂ − 2𝑗̂ + 3�̂� and |b⃗ × c | =

5√3. The maximum value of |a⃗ |2 is equal to 

Ans. 90 

Sol. a⃗  and b⃗   are perpendicular, so 

a⃗ ⋅ b⃗ = 0  

⇒ 1 + 15 + 𝛼𝛽 = 0 



 

 

⇒ 𝛼𝛽 = −16  …(1) 

b⃗ × c = |
𝑖̂ 𝑗̂ �̂�
1 3 𝛽
1 −2 3

| 

⇒ b⃗ × c = 𝑖̂(9 + 2𝛽) − 𝑗̂(3 − 𝛽) + �̂�(−2 − 3)  

Given, |b⃗ × c | = 5√3 

⇒ (9 + 2𝛽)2 + (3 − 𝛽)2 + 25 = 75 

⇒ 5𝛽2 + 30𝛽 + 40 = 0 

⇒ 𝛽 = −2,−4  

𝛽 = −2 ⇒ 𝛼 = 8 and 𝛽 = −4 ⇒ 𝛼 = 4   

For the maximum value of |a⃗ |2, 𝛼 = 8 

So, the maximum value of |a⃗ |2 is 1 + 25 + 64 = 90 

 

22. A tangent and normal are drawn at the point 𝑃(2,−4) of parabola 𝑦2 = 8𝑥 which cut the directrix at points 𝐴 and 

𝐵 respectively. A given point 𝑄(ℎ, 𝑘) is used to form a square 𝐴𝑄𝐵𝑃. Then the absolute value of ℎ + 𝑘 is equal to 

Ans. 10 

The equation of tangent at (2, −4) to the parabola is  

T = 0 ⇒ −4𝑦 = 4(𝑥 + 2)  

⇒ 𝑥 + 𝑦 + 2 = 0  …(1) 

Normal to the parabola at (2,−4) is 

𝑥 − 𝑦 = 𝑘  

⇒ 𝑥 − 𝑦 = 6  … (2)  

Directrix of parabola is 𝑥 = −2  … (3)  

⇒ 𝐴 ≡ (−2,0) and 𝐵 ≡ (−2,−8) 

As, 𝐴𝑄𝐵𝑃 is a square. So, the mid-point of 𝐴𝐵 will be same as the mid-point of 𝑃𝑄 

⇒ (−2,−4) = (
ℎ+2

2
,
𝑘−4

2
)  

⇒ ℎ = −6, 𝑘 = −4  

⇒ ℎ + 𝑘 = −10  

23. If there are three sets defined on set of real numbers 𝑃 = {𝑥: |𝑥 − 2| > 1}, 𝑄 = {𝑥: √𝑥2 − 3 > 1} and 𝑅 =

{𝑥: |𝑥 − 4| > 2}, then the number of integer elements in the set (𝑃 ∩ 𝑄 ∩ 𝑅)′is 

Ans. 9 



 

 

Sol.  

Set 𝑃 = 𝑥 ∈ (−∞, 1) ∪ (3,∞)  

Set 𝑄 = 𝑥 ∈ (−∞,−2) ∪ (2,∞)  

Set 𝑅 = 𝑥 ∈ (−∞, 2) ∪ (6,∞)  

𝑃 ∩ 𝑄 ∩ 𝑅 = (−∞,−2) ∪ (6,∞)  

 (𝑃 ∩ 𝑄 ∩ 𝑅)′ = [−2,6]  

Number of integral values = 9 

 

24. Number of five-digit numbers divisible by 55, formed using the digits 1, 2, 3, 4, 5 & 6 (repetition not allowed) is  

Ans. 12 

Sol.  

A five-digit number 𝑎𝑏𝑐𝑑𝑒 is divisible by 55 if 𝑒 = 5 and 𝑎𝑏𝑐𝑑5 is divisible by 11. 

So, |(𝑎 + 𝑐 + 5) − (𝑏 + 𝑑)| should also be divisible by 11 as per the rule of divisibility of 11 

When (𝑎, 𝑐) ≡ (6,3) and (𝑏, 𝑑) ≡ (1,2) ⇒ 4 𝑤𝑎𝑦𝑠   

When (𝑎, 𝑐) ≡ (6,4) and (𝑏, 𝑑) ≡ (1,3) ⇒ 4 𝑤𝑎𝑦𝑠 

When (𝑎, 𝑐) ≡ (2,3) and (𝑏, 𝑑) ≡ (6,4) ⇒ 4 𝑤𝑎𝑦𝑠  

Hence, total cases = 12  

 

25. If 𝑦
1

4 + 𝑦−
1

4 = 2𝑥 is a curve satisfying 
𝑑2𝑦

𝑑𝑥2
(𝑥2 − 1) + 𝑏𝑥

𝑑𝑦

𝑑𝑥
+ 𝑎𝑦 = 0, then the absolute value of 𝑎 + 𝑏 is equal to 

Ans. 15 

Solution: 

Differentiating 𝑦
1

4 + 𝑦−
1

4 = 2𝑥, we get 

  
1

4
(𝑦

−3

4 − 𝑦−
5

4)
𝑑𝑦

𝑑𝑥
= 2  

⇒ (𝑦
1

4 − 𝑦
−1

4 )
𝑑𝑦

𝑑𝑥
= 8𝑦  

⇒ √(𝑦
1

4 + 𝑦
−1

4 )
2

− 4 = 8𝑦
𝑑𝑥

𝑑𝑦
  

⇒ √4𝑥2 − 4 = 8𝑦
𝑑𝑥

𝑑𝑦
   

⇒ 2√𝑥2 − 1
𝑑𝑦

𝑑𝑥
= 8𝑦  

Now, differentiating w.r.t. 𝑥, we get 



 

 

√𝑥2 − 1
𝑑2𝑦

𝑑𝑥2 +
𝑥

√𝑥2−1

𝑑𝑦

𝑑𝑥
= 4

𝑑𝑦

𝑑𝑥
  

⇒ (𝑥2 − 1)
𝑑2𝑦

𝑑𝑥2 + 𝑥 ⋅
𝑑𝑦

𝑑𝑥
= 4√𝑥2 − 1

𝑑𝑦

𝑑𝑥
  

⇒ (𝑥2 − 1)
𝑑2𝑦

𝑑𝑥2 + 𝑥 ⋅
𝑑𝑦

𝑑𝑥
= 16𝑦  

Now, comparing with 
𝑑2𝑦

𝑑𝑥2
(𝑥2 − 1) + 𝑏𝑥

𝑑𝑦

𝑑𝑥
+ 𝑎𝑦 = 0, we get 

𝑎 = −16, 𝑏 = 1  

 

26. If 
𝑑𝑦

𝑑𝑥
=

−sin𝑥

2+cos𝑥
(𝑦 + 3), 𝑦(0) = 1, then 𝑦 (

𝜋

3
) is 

(A) 
4

3
 

(B) 
7

3
 

(C) 
2

3
 

(D) 3 

 

Ans: (B) 

Solution:  

𝑑𝑦

𝑦 + 3
=

−sin 𝑥

2 + cos 𝑥
𝑑𝑥 

⇒ ln(𝑦 + 3) = ln(2 + cos 𝑥) + ln𝐶 

⇒ 𝑦 + 3 = 𝐶(2 + cos 𝑥)  

At 𝑥 = 0, 𝑦 = 1 

4 = 3𝐶 ⇒ 𝐶 =
4

3
 

𝑦 =
4

3
(2 + cos 𝑥) − 3 

Hence 𝑦 (
𝜋

3
) =

4

3
(2 +

1

2
) − 3 =

2

3
∙ 5 − 1 =

7

3
 

 


